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Abstract. In this paper various properties of global and local changes of vari- 
ables as well as properties of canonical transforms are investigated on modulation 
and Wiener amalgam spaces. We establish several relations among localisations of 
modulation and Wiener amalgam spaces and, as a consequence, we obtain several 
versions of local and global Beurling-Helson type theorems. We also establish a 
number of positive results such as local boundedness of canonical transforms on 
modulation spaces, properties of homogeneous changes of variables, and local con- 
tinuity of Fourier integral operators on . Finally, counterparts of these results 
are discussed for spaces on the torus as well as for weighted spaces. 



1. Introduction 

The main purpose of this paper is to investigate the invariance properties of modu- 
lation spaces and certain types of Wiener amalgam spaces under changes of variables. 
We establish different positive and negative results in these spaces as well as in closely 
related Fourier Lebesgue spaces. Let us point out that a natural ingredient of our 
analysis is to consider also the canonical transforms which are changes of variables on 
the Fourier transform side. The canonical transforms play an important role in the 
analysis of partial differential equations because they allow to transform operators 
into each other by changes of variables on the Fourier transform side (e.g. [8j). Reg- 
ularity properties of canonical transforms are important for various applications, for 
example in recent applications to global smoothing problems for evolution equations 

(e.g. mm)- 

Since the Fourier image of a modulation space is a Wiener amalgam space it is 
natural to consider invariance properties of changes of variables and canonical trans- 
forms on both spaces. Another space of interest is the space ^L'^ ^ 1 < Q' < cxd, 
which is the image of the Lebesgue space L'^(M") under the Fourier transform. In 
fact, when localised in space, this space coincides with modulation spaces M^'^ and 
Wiener amalgam spaces H^^'*^, so the question of continuity in ^L'^{^') is related 
to the question of continuity in its image under the Fourier transform, which is the 
usual L'^(R"). For example, when investigating a property of the local bounded- 
ness of canonical transforms in //"^(M"), we can reduce the analysis to an equivalent 
question of the Fourier-local boundedness of changes of variables in ^U^{^\ We 
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note that these questions are usually quite delicate since there is a loss of regular- 
ity of Fourier integral operators in L'^-spaces (cf. [2H]), which is dependent on the 
underlying geometry (cf. [22|). 

The question of the invariance of function spaces under changes of variables is of 
fundamental importance since it allows to introduce counterparts of these spaces on 
manifolds via localisations. Thus, both local and global invariance properties are of 
importance. Unfortunately, many spaces of interest have a so-called Beurling-Helson 
property which means that a change of variables which leaves the space invariant 
must be affine (for space on the torus this goes back to Beurling and Helson [5]). 
For example, this property was established in ^L"^ in [191 EH], and in modulation 
spaces in [20]. In Theorem 12.41 we also establish it for Wiener amalgam spaces. Our 
analysis is based on the fact that when localised in space, function spaces M^'^, 
W^''^ and ^L'^ all coincide (see Theorem 12.11) . This will follow from the fact that 
when localised in frequency, function spaces M'^''^, W^'"^ and Lf' also coincide. This 
observation puts the study of the Beurling-Helson property on Wiener type spaces in 
a unified setting, as well as simplifies the proof in the case of modulation spaces given 
in [2U]. In Corollary 12.31 we state various equalities of localisations of these spaces 
and Theorem 12.41 gives the Beurling-Helson properties for both changes of variables 
and canonical transforms. 

However, it turns out that we can still prove some positive results. For example, in 
Theorem 12.51 we will show that if the pullback by a change of variables ip : R" M" 
is bounded on L''(R") then the corresponding canonical transform (which is the 
pullback by ip on the Fourier transform side) is locally continuous on M^''^, W^''^ 
and ^L^. On the Fourier transform side this gives a Fourier-local continuity of the 
change of variables induced by such ip (see Theorem 12.51 for a precise statement). 

On the other hand, phase functions which come from the theory of Fourier integral 
operators are positively homogeneous of order one ([IBj)- This means that the analysis 
of the invariance properties is important also outside of the category. In Theorem 
12.61 we give a result to this end which shows that different types of properties are 
possible. In particular, we establish a Beurling-Helson type result in this CclSG clS well 
by using the theory of Fourier integral operators in an essential way. 

At the same time, positive results will allow us to improve the continuity proper- 
ties of Fourier integral operators related to canonical transforms in ^L^-spaces. In 
particular, in [7], it was shown that Fourier integral operators are locally bounded on 
^L'^{W^) provided that the amplitude is in the symbol class S^q^^^'^"^^'^^ . In Theorem 
12.71 we remove the decay condition in the case of canonical transforms and show that 
the corresponding operators with amplitudes in Sqq (or even in M°°'^) are still locally 
bounded in ^L'?(M"). 

Finally, in Theorem 12.81 we investigate other homogeneous changes of variables 
which may have singularities on sets of different dimensions. For them, we show 
continuity in modulation and Wiener amalgam spaces. In the proof of this theorem we 
use Gabor theory of modulation spaces and certain decompositions of homogeneous 
mappings (cf. Chapter 12 in [17j). This result extend previously known properties 
on and on M^''^ with p = q. 

Modulation spaces were introduced by Feichtinger in [12] and [13] during the period 
1980-1983. The basic theory of such spaces was thereafter established and extended 
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by Feichtinger and Grochenig (see e.g. [El HH UHl [TT], and references therein). 
Roughly speaking, the (classical) modulation space M^'^ is obtained by imposing a 
mixed L^''^ norm on the short-time Fourier transform of a tempered distribution. 

A major idea behind these spaces is to find useful Banach spaces, which are defined 
in a way similar to Besov spaces, in the sense of replacing the dyadic decomposition 
on the Fourier transform side, characteristic to Besov spaces, with a uniform de- 
composition. From the construction of these spaces, it turns out that modulation 
spaces and Besov spaces in some sense are rather similar (see [H [3U1 ED E2] for sharp 
embeddings). 

It appears that in some respects these spaces have better properties from the point 
of view of evolution partial differential equations. For example, it was shown in [1] 
that propagators for the wave and Schrodinger equations are bounded on modulation 
spaces, compared to the usual loss of derivatives in Sobolev spaces (see e.g. [28]). 
We point out in Remark 12.21 that propagators of the form e**'^'" are actually locally 
continuous on MP''^{M."') and WP''^{W^) for all p,q and all t, a G M (compared to the 
case of < a < 2 on M'^''^{W"') analysed in [1] and to the well-known loss of derivatives 
in local spaces, e.g. for a = 1 for the wave equation or for the KdV equation for 
a = 3, etc). 

Counterparts of these properties as well as of other results of this paper for spaces 
on the torus are discussed in the last section. In particular, we observe the equality 
MP'i{T'') = iyP'9(T'^) = ^£9(T") for all 1 < p, g < oo. This immediately reduce the 
analysis of the Beurling-Helson property to the original paper of Beurling and Helson 
[5] as well as to the extensions in [19j. In particular, in the case of g = 1 the above 
equality can be viewed as a characterisation of absolutely convergent Fourier series. 

Moreover, we show the boundedness of canonical transforms on these spaces. Fi- 
nally, we will remark that propagators of the form e**''^''^ are actually isometrics on 
MP''^(T"') for all p, q and all a G M, and will discuss periodic weighted spaces. 

We note that Theorem 12.11 emphasizes difficulties with the definition of modulation 
and Wiener amalgam spaces on manifolds. However, the global definition is still 
possible in the presence of the group structure. For example, modulation spaces 
on locally compact abelian groups were investigated in [13]. It is also possible to 
introduce these spaces on general compact Lie groups with the global interpretation 
of pseudo-differential operators as in [27] . In this case results of Section 5 can be 
extended to the setting of general compact Lie groups. 

In Section 2 we state our results. Section 3 will introduce necessary definitions and 
terminology. Proofs and further comments of various nature will be given in Section 
4. Section 5 are devoted to giving some remarks on counterparts of our results for 
spaces on the torus. In the appendix we will discuss weighted spaces. 

2. Results 

First of all we remark some fundamental identities, which show that in the S" 
and ^S" categories, modulation, Wiener amalgam, and ^L'^ (or L^) spaces coincide 
(the relation between M^'"? and ^L'^ spaces has been known before, see further for 
references). In all sections except for Section 5 we deal with spaces on M". 
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Theorem 2.1. Let 1 < p,q < oo. Then the following equalities hold: 

MP'" n ^' = WP'" n<g' = ^L" n S\ 

(2.1) 

^ ' MP'" n ^ff' = WP'" n ^(ff' = LPn 

with equivalence of norms. Moreover, let Q C M" be compact. Then the estimates 

\\f\\w^.<c\nr''^''''/p''/"^\\f\\M.. 

hold for all f G J^' with supp f G Q, where constant C > is independent of Q and 
f , Q = {x & M" : dist(x, i7) < 1}, and \Q\ is the Lebesgue measure ofQ. 

We note that (12. 2p is equivalent to 

^-l|^|min(0,l/,-l/p)||^||^^^^ < \\f\\M.. < C|fir^"(°'l/^-^/^') 11/11 VKP-.. 

We note also that a weighted version of equalities (12. ip will be given in Remark H? 



Remark 2.2. In pIT] it was proved that e*'^'^ is bounded on each modulation space, 
and in [4j it was shown that for < a < 2, operators e*''^'° are bounded on modulation 
spaces MP'^iW'), I < p,q < oo (for the definition of MP'"{W) see Remark ISTTI) . In 
particular, this covers wave and Schrodinger propagators. 

On the other hand. Theorem 12 . 1 1 can be used to establish local continuity properties 
for a broader class of Fourier multipliers. More precisely, assume that m G L°° (M") . 
Then m{D) from ^(M") to e5^'(]R") extends uniquely to a locally continuous map on 
MP'"{W) and on M/P'''(M") for all 1 < p, g < oo. Indeed, if Xi, X2 e C^(M"), then 



\\Xim{D)x2f\\MP,'>{R^) - IIXi"^(^)X2/IUL,(Kn) = XiiD)m{^)x2iD)f 
< C\\m\\L 



X2{D)f ^^^^^^ — C'||m||ioo ||x2/||^iq(IRn) ^ C'II"^I|l°°||X2/|ImP'9(R")' 

using the fact that Xi(-D) is bounded on L^(R") for all 1 < g < 00 by Young's 
inequality. 

In particular we may choose m{^) = e*'^''", for any a G M, and this observation 
together with the corresponding results on the torus (see Section 5) increase the 
expectation that Fourier multipliers e*'^'° should be bounded on MP'"(W^) also for a 
outside of the interval [0, 2]. 

Since we are going to investigate properties of operators in localisations of function 
spaces both in space and in frequency, it is convenient to introduce the following 
notation. Let X C ^'(M") be a normed linear spaces. Then we introduce the 
following notation for functions which are compactly supported either in space or in 
frequency 

(2.3) Xcomp '.= X f] S'' , X^comp ■= X f] ^(ff', 

as well as localisations of these spaces 

Xioc ■.= {uey' -.xuex for all x e Co°°(M")}, 

^ ■ ^ X^^ioc ■.= {uey : x{D)u G X for all x e Co"^(M")}. 
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All these spaces inherit the metric from X and from in a natural way. We will say 
that for normed linear spaces X,Y G a mapping T : X ys, locally bounded (or 
locally continuous) if it is continuous from Xcomp to Yioc, and that it is Fourier-locally 
hounded (or Fourier-locally continuous) if it is continuous from X^comp to l^^/oc- 
Since 

^^^comp ~ comp ~ \^ Jcomp, ^^^.^com,p ~ .^comp ~ ^.^compt 

by Theorem 12.11 and since trivially 

\ comp) ,^comp^ \ comp/ .^cornp 

we obtain the following corollary to Theorem 12.11 

Corollary 2.3. Let 1 <p,q< oo. Then the equalities 

^(MP''i — W'l'P — T'^ — A/f^'P — ^(WP'i 

V^^comp) — ^comv ~ ^^comv ~ ^"^comv ~ ^ K^'' comp) 



and 



hold. 



^(-^5"comp) ~ ^comp ~ {.'^LF)comp — J^comp ~ "^(^^comp) 



Now we introduce two important operators. Given a mapping ip from M.^ to itself, 
we define the change of variables ip* by 

and the canonical transform by 

for functions / on R". Clearly, we have the equality 
(2.5) I^ = oip* o^. 

The combination of Theorem 12.11 and known Beurling-Helson type theorems give the 
following Beurling-Helson local and global type theorems for modulation and Wiener 
amalgam spaces: 

Theorem 2.4. Let I < p,q < oo, 2 ^ q < oo, and let ip : MJ^ ^ be a -function. 
Assume that one of the following conditions are fulfilled: 

(i) operator i)* is bounded on either MP'1{W), iyP'5(M") or^L''{W); 

(ii) operator t/j* is locally bounded on either MP^'i{W), iyP'''(M") or^L«(R"); 

(iii) operator!^ is bounded on either M'i'P{W), W^'pIw) or L%W'); 

(iv) operator L^ is Fourier-locally bounded on either M'^^'^iW') , W'^^'^iW') orL'^iMP); 

Then ip is an affine function. 

It was pointed out in ^20j that in the case of M^'"? in condition (i) the statement 
essentially reduces to the Beurling-Helson type theorem on ^L'^ which was treated 
earlier in [5], [IHl [29] . We will give a simplified proof of such reduction using Theorem 
12.11 with a simple proof of equalities (12. ip . at least in the case when one does not 
need to keep track of constants in (12. 2p . Theorem 12.11 also allows us to treat the 
Wiener amalgam spaces (so we formulate Theorem 12.41 in a unified way). 
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We note that pairs of assumptions (i)-(ii) and (iii)-(iv) in Theorem 12 .41 are obviously 
equivalent in view of (12.51) . However, we choose to write all of them explicitly because 
of the following result that shows that non-affine transforms can be allowed if we just 
consider the local boundedness of on modulation spaces, or if we localise a change 
of variables on the Fourier transform side in Wiener amalgam spaces: 

Theorem 2.5. Let 1 < p,q < oo, and let t/^ : — > M" 6e such that ip* is bounded 
on L'^{M."'). Then the following is true: 

(i) IS locally continuous on MP'1{W), ^^^•''(R") and ^Li{W); 

(ii) ij* IS Founer-locally continuous on MP''?(M"), ^^^•''(M") and Lp(M"). 

Another important class of canonical transforms that arises in applications to par- 
tial differential equations and in the theory of Fourier integral operators is the class of 
functions ip positively homogeneous of order one, which means that ipi^^) = A'?/^(x) 
for all A > and all x G M". In this case, this function is no longer everywhere, 
and we have mixed results already on the space J^L'^{M.'^): 

Theorem 2.6. Let ■?/; : M" — M" be positively homogeneous of order one and let q be 
such that 1 < g < oo. Then the following is true: 

(i) assume that the inverse ip'^ exists on M"\0 and satisfies ip^^ G C^(]R"\0). 
Then ip* is Fourier-locally continuous on L'(]R"); 

(ii) assume that tp G C°°(M'^\0). Assume also that ip* is continuous or Fourier- 
locally continuous on ^L'^{W^) and q ^ 2. Then ip is linear. 

If g = 2, then clearly ip* is continuous (and hence also Fourier-locally continuous) 
on ^L^(M") = L^(]R"). By using relation (12.51) we can easily obtain a counterpart of 
this theorem for canonical transforms I^. We note that part (i) is a straightforward 
consequence of Theorem 12. 5^ (ii). The main statement is part (ii), and (i) serves to 
highlight a difference between and for such problems. The proof of (ii) will 
rely on some properties of Fourier integral operators in an essential way. 

Let us now discuss an implication of the boundedness result for the regularity 
properties of Fourier integral operators. We note that since ip* is bounded on L'^{W^) 
in the assumptions of Theorem 12. 5[ it follows that is bounded on ^L'^{M."'). By 
an argument similar to the one that we will give in the proof of Theorem 12.51 this 
implies that is continuous from {^L'^)comp to {,^L'^)ioc, so that Theorem 12.51 also 
follows if we use the equalities from Theorem 12. 1[ This is related to the question of 
the local boundedness of Fourier integral operators on ^L'^. Let T be defined by 



where $ is a non-degenerate real- valued phase function. In [7] , it was shown that if the 
phase function is non-degenerate and homogeneous of order one and if the amplitude 
0(2:,^) is compactly supported in x and belongs to the symbol class S^q with m < 
—n\l/q — 1/2|, then T is bounded on {^L'^)comp- Moreover, they showed the order 
m to be sharp for a special choice of the phase function $(a;, ^). However, Theorem 
12.51 implies that if we take the amplitude a in the class Sqq, and the phase function 
corresponding to the canonical transforms, operator T is still locally continuous on 
^L"?, i.e. continuous from (^L'?)comp to {^L'i)ioc- We note the inclusion S'^^o(^") ^ 




CHANGES OF VARIABLES IN MODULATION AND WIENER AMALGAM SPACES 7 

M°°'1(R2") (here always 5o,o(^" x is defined as the set of all smooth a e C°°(R2") 
such that \d^d^a{x,^)\ < Ca/s for all multi-indices a,P and all x,^ E M"). Thus, we 
have the following result: 

Theorem 2.7. Let ^ : W ^ W be such that ip* is hounded on L''(R") and let 
a e M~'1(]R2"). Then the operator 

Tfix)= [ [ e'^'^<~y^^^^^a{x,Of{y)dydi 

is locally continuous on ^L'^ , M^'"^ and W'^''^, for all 1 < p,q < oo. 

We note that this result is also true for p = cx) and g = oo if we use the modification 
as in Remark I3.1[ 

We will also discuss non-affine transforms which induce the globally bounded 
changes of variables on M^'"^ or W^''^. Note that such transforms must not be a 
C^-mappings in view of Theorem 12.41 Moreover, we will show that the Beurling- 
Helson type theorem fails if we allow derivatives of ip to have singularities of types 
important for applications to partial differential equations. One example of this is 
Theorem 12.61 In fact, to prove the conclusion of part (ii) of Theorem 12.61 we will use 
the sharpness results on the L"^ boundedness of Fourier integral operators established 
in [21]. 

Finally, we establish several positive results for homogeneous changes of variable 
which may have more singularities than only at the origin. We investigate properties 
for mappings of the form 

(2.6) fix)^ fiS{x)+T{\x^\,...\xn\)), 

when acting on modulation spaces or Wiener amalgam spaces. Here S and T are 
linear mappings on R" such that 

(2.7) X ^ Six) + Tii-iy^xi, . . . , i-iy-xn) 

is a bijection on R", for each choice of ji, . . .jn & {0, 1}. In particular, the following 
situations are covered by (12.61) : 

(i) f{x) (-^ /(la^il, • • • , \xn\), which follows by choosing 

S = and T = Mk"; 

(ii) f{x) H-> /(xi, . . . ,Xn-i, \xn\), which follows by choosing 

^(a;) = (xi, . . . , 0) and T = Mk" — 5; 

(iii) f{x) (-^ f{xi, . . . , Xn-i, + ■ ■ ■ + \xn\), which follows by choosing 

S{x) = (xi, . . . , Xn-i, 0) and T{x) = (0, . . . , 0, Xi + ■ ■ ■ + x„). 

For such mappings we have the following result: 

Theorem 2.8. Assume that p,q & {l,oo), and assume that S and T are linear 
mappings on R" such that for each ji, . . . jn E {0, 1}, the map (12.71) is bijective. Then 
the map (12. 6p from ^(R") to ^'(R") extends uniquely to continuous mappings on 
MP'''(R") and on iyP'«(R"). 
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Theorem 12.81 says in particular that if a homogeneous of order one function ip has 
more singularities than only at the origin, then ip* may still be bounded on modulation 
and Wiener amalgam spaces M^''' and W^''^. We note that this type of statement on 
^L'^ appeared in [19] while the case of M^'^ was analysed in |20j . 

All these results will be proved in Section 4. Some results of this paper were 
partially announced by authors in [23] . 



3. Preliminaries 

Let ^(M") and ^'(M") be the Schwartz spaces of all rapidly decreasing smooth 
functions and tempered distributions, respectively. We define the Fourier transform 
and the inverse Fourier transform ^~^f of / G S^{W^) by 

^f{0=m= f e-^^<f{x)dx and ^-^f{x) = -^f e-^/lO^e 

We introduce modulation spaces based on Grochenig in pjTj. Fix a function ip G 
^(M") \0 (called the window function) . Then the short-time Fourier transform V^/ 
of / G ^'(R") with respect to ip is defined by 

V^f{x,0 = {f,M^T,^)= [ f{t)v{t-x)e-'^Ut 

for x,^ G M", where M^ip{t) = e*« V(^) and T,^(t) = (p{t - x). We note that, for 
/ G V^f is continuous on M^" and \V^f{x,0\ < C{1 + \x\ + |^|)^ for some 

constants C, > ([HI Theorem 11.2.3]). 

Let 1 < p, g < oo. Then we let be the set of all F G ^^^^^(M^") such that 

llFll^P:? < OO, where 




!/<? 



1 < p, g < OO, 



9 ^ 1/9 

ess sup|F(x, ^) I ) d^\ , 1 < g < oo. 



|_p||^p,oo = esssup I / j 
= ess sup I 01- 



\ i/p 



1 < p < oo. 



The modulation space Mf'''(M") consists of all / G ^'(^") such that V^f{x,i) G 
L?'''(R2r^)^ i.e. MP'''(M'^) consists of all / G ^'(M") such that H/IUfp.? = IlK'/lUr 
is finite. If p = g, we simply write instead of M^''^'. We note that M^'^(R") = 
L^(M"), MP''^(M") is a Banach space under the norm || ■ \mv,i-, ^(M") is dense in 
MP'«(M") if 1 < p,g < oo, and Mpi''?i(M") MP2'92(Knj < ^^^^ < 

(cf. Propositions 11.3.1, 11.3.4, 11.3.5 and Theorem 12.2.2 in [I^). The definition of 
MP''^(M") is independent of the choice of the window function (/? G ^(M") \ 0, that 
is, different window functions yield equivalent norms ( [T71 Proposition 11.3.2]). We 
denote by p' G [1, oo] the conjugate exponent of p G [1, oo], i. e. 1/p + 1/p' = 1. 
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Remark 3.1 (P Lemma 2.2], [HH Lemma 3.2]). Let 1 < p, g < oo, and let A<P'9(R") 
be the completion of ^{MP') under the norm ]| • ||a/p.9- Then the following are true: 

(i) if 1 < g < oo, then M^''^ = MP'I; 

(ii) if 1 < p,g < oo then {M°°''>y = M^'i' and (X^'^)' = Mp''\ and {M°°'°°y = 

Next, we discuss Wiener amalgam spaces. We let L2'^(M^'^) be the set of all F G 
L/„^(]R^") such that < oo, where 



I^IIl- = |/ ([ iFix^Ol'd^Y^' dx\ , l<p,g<oo, 

;supf/ \Fix,0\'ddj 
/ I esssup|F(x, ^)| J dx> 



\ 1/9 

l^oo,, = esssup ( / \F{x,^)\'^ d^] , 1 < g < oo, 

xGR" 



1/p 

U^'°° = W I esssup|F(x,0| ) dx} , 1 < p < oo. 



|F||iOo,oo = esssup|F(x,0|- 

x,?eR" 



Obviously, if = G{^,x), then F e F"^" if and only if G G ■ We set 

||/||iyp,9 = IIK/p/IIl^'"- The Wiener amalgam space IVP'«(M") consists of all / G 
^'{W^) such that ||/||vi/p.'j < cxo. (Note that the general definition of Wiener amalgam 
spaces in [12] permits function and distribution spaces which are not considered here.) 
Since 

(3.1) |V^^/(a:,0| = (27r)-"|r^/(e,-x) 
we see that 

(3.2) WfWw.. X ]|/||m,.p. 

This implies that the definition of WP''^{W^) is independent of the choice of the window 
function ip G y{W^) \ 0, since the modulation space M'^'^iW^) is so. By the same 
reason, we also have W^'^^'^'^iW^) WP'^^'^'^iMr') if pi < p2 and gi < g2, and other 
properties similar to those of M^'^. 

In Appendix A, we consider general modulation spaces and weighted versions of 
Wiener amalgam spaces. 

4. Proofs of the main results, and some further remarks 

In this section we prove our results. The following proposition is needed in the 
proof of Theorem 12.11 

Proposition 4.1. Let 1 < p,q < oo and Q be a compact subset o/M". Then the 
following are true: 

(i) there exists a constant C > such that 



< C|l]r^"(°'^/^-^/P)||/||i^p,, for all f G W^'^iW) with supp / C Q; 
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(ii) there exists a constant C > such that 

11/11 VKP.. < C|f2r""(°'i/^'^^/'?)||/||Mp.. for all f e M^'^W) with supp / C Q, 

where Q = {x & M" : dist(x, Q) < 1}, and C > is independent of Q. 

Proof. Let be a compact subset of M", and let E ^(M")\0 with suppy? C -8(0, 1), 
where -8(0, 1) is the open ball with radius 1 centred at the origin. Assume that 
/ e ^'(M") with supp / C n. Then, 

supp V^f{-,^) cn = n + 5(0, 1) = {x G M" : dist(x, fi) < 1} 
for all ^ G M". 

We first consider the case p < q. By Minkowski's inequality. 



< 



1(1 \V^f{x,i)Ydx\' di 
1(1 Kf{x,i)\'^di]'' dx 



!/<? 



1/p 



On the other hand, by Holder's inequality. 



< 



[( [ \VJix,0\'d^Y' dx 



i/p 



|^|l/p-l/<7 



Since M^'^ ^ ikf'^, we see that 

WfWwr. < \Q\'/^-'/''\\f\\M.. < C\Q\'/^-'/'^\ij iiM... 

We next consider the case p > q. In the same way as in the case p < g, by 
Minkowski's inequality, we have 
inequality, we see that 



< 



W-1 



MP'i- On the other hand, by Holder's 

1/9 



< 



VJ{x,0\'d^]dx 

q/p 



J^I^J^vjix^oi'd^Y' dx"^ 



1/9 



|^|i/g-i/p 



Hence, it follows from the embedding M'^''^ ^ M^'"^ that 

ll/IU/... <C||/||m,. <C|fi|i/'^-i/^||/||H^., 
The proof is complete. 

We are now ready to prove Theorems I2.1H2.5I 



□ 
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Proof of Theorem \2.1[ The proof of (12. ip is simple if we use the following expressions 
for norms in modulation and Wiener amalgam spaces: 



(4.1) \\f\\Mv,.^\\mD-k)u\\Lil., Il/lk-x \\<^{D-k)u 

k 



where $ G C^iW) satisfies supp $ C [-1, 1]" and X^fceZ" '^('C -k) = 1. Now, we can 
observe that if G M" is a compact set contained in an open cube with side-length 
2 (but centred at any point) and if / G S'iyt) then we get 



\\<^{D -kQ)u\\Lv, II/IUp,. X ^ \\^{D-ko)u\\LP 



\kj—k(,j\<2 \kj—kQ^j\<2 
j=l,...,n j=l,...,n 

for some ko, where k = {ki, . . . , /c„) G Z" and ko = (fco.i) • • • ? ^o,n) £ Z". Moreover, if 
the support of / is an arbitrary compact set, we get finite sums of these expressions, 
implying the second line in (12. ip . The first line follows from the second one by taking 
the Fourier transform. Finally, estimates in (12. 2p follow from Proposition 14. 1[ □ 

We note that the identity 

in (12. ip also follows from Remark 1.3 (4) in [6], and it was announced in several 
conferences by the authors, including "Mathematical modeling of wave phenomena 
05", in Vaxjo, Sweden (see also Remark 14.21 below). A more recent alternative proof 
of the latter equality can be found in pTF, Lemma 1] . In this context we pay attention 
to the simplicity of the proof of Theorem 12.11 here as above, based on our choice of 
using the norm (14. ip instead of short time Fourier transforms. The equality 

concerning Wiener amalgam spaces W^''^ appears to be new. 

In Remark 14.21 below we give an extension of (12. ip . based on a different technique 
compared to the proof of Theorem 12.11 and which involves weighted spaces. These 
considerations are dependent on some multiplication and convolution properties for 
modulation spaces which we shall discuss now. 

Remark 4.2. In addition to two proofs contained in this paper, there are also other 
ways to obtain the inclusion (12. ip . In fact, we can use the multiplication properties 
for modulation spaces in Appendix A to obtain the latter inclusion in a more general 
context involving spaces of the form M^^^ and W^^y which are now dependent of the 
weight function uj G ^(M^") (cf. Appendix A for precise definitions of <^(M^"'), M^'j| 
and W^^^y) We claim that 

MJ:^ n ^' = n ^' = ^LJ^^) n s\ c.(x, = a^o(0 e ^(M"), 
Mf4 n ^s' = n = n uj{x, 0= ^(x) g ^o(M"), 

with equivalence of norms. 

Indeed, assume that / G M'^j'^ nS", x & C*o° is equal to 1 in the support of /, and 

^1,1 



(EH)' 



vq G ^(M") is such that uq is fo-moderate. Then x ^ where v{x,C,) = vo{C,)- 
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Hence Proposition A.l gives 

This proves that M^^^ fl <f" is independent of p. By similar arguments it follows that 
^(^) ^ independent of p. The first two equalities in fl2.ip ^ is now a consequence 
of (A.l). 

The last part of (12.11) ^ follows by similar arguments, using Proposition A. 2 instead 
of Proposition A.l. Alternatively, the second line in fl2.ip ^ follows from the first line 
and the Fourier inversion formula. 

Before proving Theorem 12.41 let us point out the following immediate consequence 
of Proposition A.l in Appendix, which we will use to investigate localisation proper- 
ties. 

Proposition 4.3. Assume that pj, qj G [1, oo] for j = 0, 1, 2 satisfy 

111 11^1 
1 = — ana 1 = 1 H . 

Pi P2 Po qi q2 qo 

Then the map (/i, ^ /i ■ /2 on ^(M") extends to continuous mappings from 
]VfPi.'?i(M«)xMP2.92(Kn^ toMPO''?o(M"), and from WP^^'^^{W)xWP^'i^{R'^) to iyP"''?o(R") 
Furthermore, each modulation space or Wiener amalgam space is an M°°'^ -module 
under multiplication. 

Proof. The asserted mapping property follows from Proposition A.l, or from Theorem 
3 in [11] for modulation spaces and from Theorem 2.4 in [31] for Wiener amalgam 
spaces. By letting pi = oo and gi = 1, it follows that p2 = po and q2 = qo- Hence 
]\^P2,q2 jg g^j^ ]Vf°°'^ module and W^^''^^ is an W^'^ module. The asserted module 
properties now follows from these relations and the fact that M°°'^ C W°°'^. □ 

In what follows we let denote the multiplication operator ^^f = i|> ■ /, for 
appropriate functions or distributions / and i|>. 

Proposition 4.4. Let 1 < p,q < oo and ^\) G S^'{W^). Then the following is true: 

(i) is bounded on MP'^(R"-) if and only if-[\){D) is bounded on W^'^lW); 

(ii) iK-D) is bounded on MP'^(]R") if and only if is bounded on iy^'P(R"). 

Proof. Assume that ^{D) is bounded on ^^■^(M"). By (I32D, we see that 
Hence, 



\\J^^f\\Mv.<C\\^{D){3P-^f\ 



< C||i|;(D)|U(w.„P)||^-Vlk- < C\\^{mm'^^v)\\f\\Mv.. 
In the same way, we can prove the others in Proposition 14. 4[ □ 

Remark 4.5. Propositions 14.31 and 14.41 with p = oo ox q = oo hold under the 
modification as in Remark 13.11 
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Remark 4.6. We note that ^^|, in Proposition 14.41 is bounded on M^'^ and on 
W^''^ when i|) G M°°'^ by Proposition I4.4[ In this context we note that if i); is a 
characteristic function for sets with non-zero Lebesgue measure, then ij; ^ M°°'^ and 
-\\) ^ W°°'^, since M°°'^ C W°°'^ are contained in the set of continuous functions (in 
the distributional sense, see Remark 14 .71 for the proof). 

On the other hand, is bounded on L^iW") and on M^''? with 1 < p < oo, 

but Xhi.i]" ^ M°°'i(M") (cf. P Proposition 3.6] and [2]). 

Remark 4.7. We note that W°°'^ is contained in the set of continuous functions (in 
the distributional sense). Since M°°'^ C W°°''^ the same is automatically true for the 
space M°°'\ 

Since we were not able to find this statement in the literature, we will now give a 
simple justifying argument. Assume that / e W°°'^ and choose a window function 
X € C°° such that x(0) = 1- Then function 

e^^(/x(--xo))(0 

belongs to for every fixed Xq. Hence its inverse Fourier transform 
y ^ ^-\^{fx{- - xoWy) = f{y)x{y - xo) 

is continuous. Since xiv ~ ^o) is smooth and non-zero around y = Xq, it follows that 
f{y) is continuous around xq. Since xq was arbitrarily chosen it follows that / is 
continuous everywhere. 

Proof of Theorem \2.4\ Let us first consider condition (ii) in which case the statement 



is a straightforward consequence of the same statement for (Beurling-Helson 
type theorem; see also [HI UHl [29] for the case of ^L'^ and [20] for the case of M^''?). 
The case of W^''^ in (ii) follows if we use the equality (12.11) for the localised versions. 

Now, since conditions (i) and (iii) as well as (ii) and (iv) are equivalent, respectively, 
in view of relation (12.51) . it is enough to show that assumption (i) implies (ii). But 
this follows immediately from Proposition 14.31 and the inclusion C M°°'^. □ 

Proof of Theorem \2.5[ Here, because (i) and (ii) are equivalent in view of (12. 5p . all we 
need to show is the boundedness of xi{x)I^X2{x) on M^''^, where X15X2 £ C^(]R"). 
Equivalently, we may show the boundedness of xi{D)tp*X2{D) on W^''^ if we use the 
relation (13. 2p . The latter is induced by the L^(M")-boundedness of Xi(-D) and X2{D) 
(1 < < 00) due to Young's inequality (note that the kernels are in L^). □ 



Proof of Theorem 2/T_. Indeed, since pseudo-differential operator a(x, D) with symbol 
a G M°°'^ is bounded on the modulation space M^'''(M"), it is also locally continuous 
on M^''^(]R") in view of Proposition l4l3l But then T = a(x, D)oI^ is locally continuous 
on M^'^(]R") by Theorem 12. 5[ and hence also on ^L'^ and W^''^ by Theorem 12.11 □ 

Proof of Theorem \2.b\ (i) It follows that G C°°(]R"\0) is also positively homo- 
geneous or order one. Hence its derivative Dip~^ is homogeneous of order zero and 
hence bounded on R". Consequently, ip* is bounded on L^(R") for all 1 < g < cxd 
and statement (i) follows from Theorem 12.51 

(ii) Suppose now that ip* is continuous on C{^L'^{W^)) for 1 < q < 00, g 7^ 2. 
Then it follows that is bounded (and hence also locally bounded) on L'^(M") (the 
conclusion that is locally bounded on L'^{MP') is also true if ip* is Fourier- locally 



14 



M. RUZHANSKY, M. SUGIMOTO, J. TOFT, AND N. TOMITA 



continuous on £(^L'(M"))). In turn, this implies that must be a hnear function, 
if we use the critical orders for the L'^-boundedness of Fourier integral operators 
obtained in [21]. For completeness (and also to include boundary cases <? = 1 and 
q = oo), let us give this argument in more detail. We can assume that 1 < q < 2 
since the case 2 < q < oo follows by considering the adjoints. 

Let -j/^ : ^ and assume that ip G C°°(M"\0) and that it is positively homo- 
geneous of order one. Let us define k by setting 

max rankV'^ip(^)y = n — k. 



First we observe that the canonical relation of the Fourier integral operator is 
given by 

A = {{vmy, y, m) : 1/ e M", e G k"\o}. 

Its projection S = 7r(A) to the base space x M" is a set of dimension <2n — k. At 
points where rank V^'?/'(^)?/ = n—k this is a smooth manifold of dimension 2n—k (with 
its conormal bundle equal to A). Let it be locally given by the set of defining equations 
hj{x, y) = 0, j = 1, . . . , k, with V/ii, ■ ■ ■ , Vhk linearly independent. By Hormander's 
equivalence of phase functions theorem ([18]) we can microlocally rewrite in the 
form 

(4.2) W(x)=/ ([ e'^U'^'^^(^'y)a{x,X)f{y)dx)dy, 

where A = (Ai, . . . , A^) and a G S'f^^^^^'^ {W' x ^) is (microlocally) elliptic. Now, let 
us take / in the form / = (/ — A)^^/^(5j,g for some y^ in the smooth part of the set 

= G : (x, y) ETj for some x}. 

It follows that / G Ll^ if and only if s > n(l-l/g). Now, let b{xj) G S;"o'^^'"'''^^\Wx 
M.^) be the amplitude of the Fourier integral operator o (/ — A)"''. Denoting 
h = {hi, . . . , hk), we easily find that 

I^fix) = {2iTf^^%xJ{x,y,)) ^ |dist(x, S,Jr'=+^-("-'=)/^ 

locally uniformly in x, where T,y^ is the set of all a; G such that (x, yo) G S. 
Since I^f is smooth along S^q, we find that I^f ^ L^^^iW^) if and only if s < 
k{l - l/q) + {n- k)/2. Thus, if n{l -l/q) < k{l -l/q) + {n- k)/2, operator 
is not locally continuous on L''(M"). Since we assumed that 1 < g < 2 and that 
is locally continuous on L'^{M.'^), it follows that k = 0, which means that ip must be 
linear. □ 

Remark 4.8. Theorem 12.51 has another interesting relation with the L^-properties 
of Fourier integral operators. Suppose that the inverse of ip E C°°(]R") can be 
written in the form 

ip~^{x) = Ax + 5{x), 

for some real-valued non-degenerate matrix A and 6 G S'°(R") with ||-D5|| ^ 1. Then 
using the expression fl4.ip for norms we have 



WIIm-= WHd - k)i^f\\^. 



x.loc 
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Taking / G MP^^p, we have 

mo - ^ WD - *)//e-<--<0-.|det W-«)|/fe).^*|U,,.^ 

= \\<^iD-k)e'''^^^'^\detDtp-\D)\\detA-^\f\\LP^^^. 
Now, we observe the estimate 
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j=0 



J! 



<CmD-k)g\\Lf^ 



loc 



which holds since x is bounded and 6 is of order zero. Combining these estimates 
together and using the boundedness of | det Dip~^{D) \ on L^, we get that is locally 
bounded on M^''^ for 1 < p < oo. 

Before proving Theorem 12.81 we first consider the simple case of it allowing a 
harmonic analysis interpretation. 

Remark 4.9. Let us prove that 

(4.3) 11/(1 ■|)||m...<C7||/||m.,. for all / G M^''''(M), 

where 1 < p, g < oo. Since 

/(|x|) = /(|x|) x(^oofl){x) + /(|x|) X[o,oo)(a;) 
= fi-x) X(-oo,o)(a;) + fix) X[o,oo)(a;), 

if -^X(-oc.o) -^xiooc) bounded on MP'''(R"), then 

11/(1 ■ \)\\m.. < IKx,_,o, (/(-)) IIm.,. + II-^x[o...)/IIm- 

< (j\'y^X(-oo,o)\\c{MP^i) + II^X[o,oo)IU(A/f'9)) ll/IU/P'-J, 

that is, we obtain (14.31) . where is the operator of multiplication by x (see Propo- 
sition US])- Hence, it is enough to prove the boundedness of -^x(-ooo) -^xpoo) '^^ 
MP'«(M). By Proposition 1121 if X(-oo,o)(^) and X[o,oo)(^) are bounded on W^'^iR), 
then ^X(-oco) -^xiooc) bounded on MP''^{R). Let us prove the bound- 

edness of X{-oD,o){D) and X[o,oo)(-D) on WP''^(M.) for all 1 < p,q < oo. We recall 
that 



(4.4) 



j2mD-k)fA 



1/9 



LP( 



(see the proof of Theorem 12. ip . On the other hand, it is known that, for all 1 < 
p,g < oo. 



(4.5) 





— ^p,q 


LP (I 


) 
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where H is the Hilbert transform, 

[-1, e<o. 

(see [01 Theorem 8.1]). Since 

X(-oo,o)(0 = -(sgn^ - l)/2 and X[o,oo)(0 = (sgn^ + l)/2 
for all ^ 7^ 0, we have 

(4.6) X(-oo,o)(^) = -(^i^-/)/2 and x%oo){D) = {iH + I) /2 

where // = /. Combining (14.41) . (14.51) and (14. 6p . we see that X{-oofl){D) and X[q,oo){D) 
are bounded on ^^^'^(IR). 

In the general case of Theorem 12.81 the proof is based on some investigations of 
Gabor expansions of elements in M^'^ and W^''^. More precisely, let {xj}j(zi and 
{^k}kei be lattices in R", and consider functions or distributions of the form 

j,kei 

for some sequences c = {cj^k}j,k£i X ^ \ 0, where I < Po < 2. We note that 
/ makes sense as an element in M^^ when c belongs to /q, the set of all sequences 
d = {dj^k}j,k£i such that dj^k = 0, except for a finite numbers of j and k. We are 
especially concerned with finding conditions on j9 G [l,oo] and g G [l,oo] such that 
/ still makes sense when c belongs to /f''' or [2''^. Here /f''' consists of all sequences 
d = {dj^k}j,kei such that 

, i/p\ 1/9 



< 00 

kei jei 

(with obvious interpretation when p = 00 or q = 00), and 12'^ consists of all sequences 
d = {dj^k}j,kei such that 

jei kGi 

We have the following proposition. 

Proposition 4.10. Assume that p,po,q G [1, 00] satisfy I < Po ^ min(p, p', g, g')> 
and let {xj}j^i and {^k}kei be lattices in R". Then the map 

j,kei 

from /q X to extends uniquely to a continuous map from l^''^ x to M'^''^ , 
and from l^'"^ x to W'^'''. Furthermore, for some constant C it holds 

(4.7) II V cj,fce^<^'^'=>x(a; - Xj) < C\\{cj^k]j,k(ii\\iiA\x\\Mvo 

j,kei 
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and 

(4.8) II V 9,fce^<^'^'=>x(a; - Xj) < C\\{cj^k}j,k(,i\\i^A\x\\Mr'o. 



Proof. We only prove the mapping properties for . The other case follows by 
similar arguments and is left for the reader. 

We may assume that po = min(p, p', g, q'). First we observe that the result holds in 
the case po = 1 or po = 2, in view of the general Gabor theory on modulation spaces 
(cf. Chapters 6 and 12 in pTTJ). The result now follows for general by multi-linear 
interpolation between these cases. The proof is complete. □ 

Next we consider multiplication properties of M^''' spaces and W^''^ with certain 
types of step functions. For this reason it is convenient to make the following defini- 
tion. 

Definition 4.11. Let 

(1) Eo(M"') be the set of all functions i|> such that 

for some cube Q C R", lattice {xj}jiz\ C R" and sequence {cjjjgA G 

(2) E(R"') be the set of all functions ij> such that 

for some cube Q C R", lattice {xjjjgA C R"' and sequence {v^jjjeA C C°°(R"') 
such that {9"(y9j}jgA is a bounded sequence in L°° for every multi-index a. 

We have now the following result. 

Proposition 4.12. Assume that ip G E(R'^) and 1 < p,q < oo. Then the map 
from ^(R") to S^'{W^) extends uniquely to a continuous map on A'P'^(R") and on 
iyP.9(R"). 

Proof. It is no restriction to assume that i|> is as in Definition 14. 1 II with {xj}j^j = Z" 
and 

Q = {x G R"; < a;i,. . .,x„ < 1}. 

We only prove the assertion for M^''^. The other case follows by similar arguments 
and is left for the reader. 

First we assume that G So, and we let Xj(^) for j = 0, 1, 2 and t G R be defined 
by the formulas 

Xoit) = max(l - |t|,0), Xi(^) = Xo(^)X(-i,o)(^), and X2(^) = Xo(^)X(o,i)(^), 

where X(a,b) is the characteristic function of the interval {a,b). By straight-forward 
computations it follows that Xo ^ M-'^(R), and that X(-i,o); X(o,i) ^ M^'"^ for every 
g > 1. Hence Proposition 14.31 gives 
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when po = mm{p,p', q, q') > 1, and if 

/«o = Xo® ■■■®Xo, t^i = Xh®---®Xiu^ / = G {1,2}", 

with n factors in the tensor products, then G M^{EP), ki G M^°(R") when / G 
{1,2}", and 

(4.9) Ko = ^K«. 

Next assume that / G M^'"^ is arbitrary, and let {xj}j(zj = Z". Then 

fix) = Cj^ke'^^'^'^^Koix-Xj), 
j,kej 

for some lattice {^k}k&j and sequence {cj^k} G li''^. This follows from the general 
Gabor theory for modulation spaces (cf. Chapter 12 in [E]). Furthermore, by Propo- 
sition STTO] it follows that 

j,k€J 

makes sense as an element in M^''^ for every / G {1,2}", and, hence 

in view of (14.91) . It therefore suffices to prove that ij) • /; G M^''^ for every I. 
First assume that {cj^k} ^ ^o- From the assumptions if follows that 

^(x) = ^rfjXQ(a;-a;j), 

where xq is the characteristic function of the unit cube [0, 1]", and {dj} G 
Then i|> ■ // G M^'"? is well-defined, and by the definitions we have 

^]){x) ■ fi{x) = J2 Cj,ke'^'''^''^ i^iix - Xj), 
j,keJ 

where 

Since {dj} G it follows that 

||{cj-fc}||iP>? < ||{cj,fc}||iP>HI{c?i}lk- < oo- 

Hence '\\)fi G M^'"? in view of Proposition 14.101 and the result follows in this case. 

Next assume that i|> G S is arbitrary, (pj as in Definition 14.111 (2). and let C > 0. 
Then we may split up {xj}j^\ into sublattices {xj}j^A-^^,...,{xj}j^Aj^ such that if 
ii) J2 G Am and ji ^ j2 for some 1 < m < A^, then the distance d^^^j^ between Xj^ +Q 
and + Q is larger than C . Now set 

Since ij; = ^^li'm, the result follows if we prove that the map / i-^ iji^ ■ / extends 
uniquely to a continuous map on M^'^ and on ly^'''^ for every 1 < m < A^. 
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From the fact that dj-^^j^ > C it follows that there is a non- negative function 
G C^(M") such that = 1 on Q and supp0jj fl supp^jj = when ji, j2 G for 
some m and ji 7^ ^2- Here 0j = 0(- — Xj). This gives = be where 

In particular, c is a smooth function on R" and bounded together with all its deriva- 
tives, and b G So(M"), which imply that 

c G M°°'^ C W^'K 



By the first part of the proof, and Proposition 14.31 it follows that and are 
bounded on M^''^ and on W''''^. 
Hence 

Hm ■ /||mp.9 = \\^b^cf\\MP>i < Ci||/||mp.9, / G ^, 

for some constant Ci, and similarly when the M^'^ norms are replaced by W^''^ norms. 
This proves that extends to continuous mappings on M^''^ and on W^''^. It also 
follows that these extensions are unique since is dense in M^''^ and W^''^. The 
proof is complete. □ 

Proof of Theorem \2.^ Assume that / G ,5^ . For any 9 G {0, 1}", set 

ge{x^, . . . , x„) = f{S{x) + T((-l)^^xi, . . . , . . . , {-if-Xn), 

where x is the characteristic function of the set 

{a; G M" ; Xj > 0}. 

Since compositions by affine mappings are continuous operations on modulation 
spaces. Proposition 14.121 shows that the map f ^ ge from ^ to 5^' is uniquely 
extendable to a continuous map on M^''^ and on W'^''^. The assertions is now a 
consequence of the fact that 

/(5(a;)+T(|xi|,...,|x„|))= in ^'(M"), 

e6{o,i}" 

when / G =5^(M"). The proof is complete. □ 

5. Wiener type spaces on the torus, and properties of periodic 

distributions 

In this section we will indicate counterparts of our results in the case of spaces 
on the torus as well as make several related observations. Some of these remarks 
concern Wiener type properties for periodic distributions. In fact, there is a one-to- 
one corresponding between periodic distributions (periodic continuous functions) and 
distributions (continuous functions), respectively, on the torus. 

We fix the notation T" = (]R/27rZ)" as well as the Fourier transform and its inverse 
given by 

(^/)(0 = 7(0 = (2vr)-" / e— «/(x)dx, f{x) = Y e'^'-^M- 
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For the analysis of pseudo-differential operators on the torus using the Fourier series 
and for the justification of operators below we refer to [26]. We note also that canoni- 
cal transforms on the torus can be viewed as a special case of Fourier series operators 
considered in [26]. 

A straightforward modification of the definitions of the modulation and Wiener 
amalgam spaces from fl4.1l) is 

]mD~k)f\\Liij4\^, y 



AfP.'?(T") 



\<^{D~k)f\\ 



11(1^) 



for some $ with compact support in Z" (in the discreet topology). Then we can 
easily observe the equalities (which can be regarded as a counterpart of Theorem 12.11 
in the local setting) 

(5.1) MP''?(T") = W^P''?(T") = m\T') for all 1 < p, g < oo. 

In particular, in the case of g = 1 this equality can be viewed as a characterisation 
of absolutely convergent Fourier series. 

Further, as a counterpart of Theorem 12.41 the Beurling-Helson property automat- 
ically holds on M^'''(T"') and W^''^{T^) because of the original Beurling and Helson 
theorem [5] (g = 1) as well as extensions for other q ( p^ [29] ). 

As a counterpart of Theorem 12. 51 we observe that if : — >■ Z" is a bijection then 
the canonical transform is bounded on MP'''(T") for all 1 < p, g < oo. Indeed, let 
/ e MP'9(T"). Then / e /«(Z") and hence 



IWII 



AfP.9(T") 



11(1,") 



1/9 



/ 



11 (Z") 



AfP'9(T")- 



Next, we recall the result of ^ that for < a < 2 operators e*'^'° are bounded on 
modulation spaces 7M^''^(R"'), 1 < p,q < oo (for the definition see Remark 13.11) . In 
particular, this covers wave and Schrodinger propagators. 

To give a counterpart of Remark 12.21 on the torus, using fl5.ip we easily conclude 
that propagators e*'^'° are bounded on M^''^(T") and W^''^(T^) for all 1 < p, g < oo 
and all a G M. Moreover, they are isometrics on these spaces if we induce their norms 
from the space ^/'^(T"). 

We also note that results of this section can be extended to general compact Lie 
groups G if we use a natural extension of the global definition of modulation and 
Wiener amalgam spaces using the duality between G and the space of its continuous 
irreducible unitary representations G (as in |27J). 

We finish this section with the following proposition for periodic distributions, 
parallel to (15.11) . Here we refer to Appendix A for the definition of the weighted 
spaces Mf;J and W^. 



Proposition 5.1. Assume that p,q E [l,oo], / G y 
uj G ^(M^") is such that uj{x,^) = ujq^C,), for some Uq G 
conditions are equivalent: 
(1) / G M^f{R-); 



is periodic, and that 
'■). Then the following 
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(2) X ■ / e MmW), for each x e ^(M"); 



(3) / e W^r"' 



(4) X ■ / e /or eac/i x e ^( 

(5) x-/e^Lj^^)(M"),/or eac/ixe 



Proof. Since ^(R") is contained in each space of the form M^^^iM."-) and W^^1{W^), 

when f G <^^(M^"), it follows from Proposition A.l in Appendix A that (1) implies 
(2) and (3) implies (4). 

Next assume that (2) is fulfilled, and consider F{x,^) = V^f{x,^), where cp e 
C^\0. Then F(x, ^) is a smooth function and period in the x-variable, with the same 
period t G as /. Let Q C be a cube with side length t, and let x e C^{W) 
be equal to 1 in the set Q + supp ip. Then we have 

.^.= ( [ esssvip\V^f{x,0\'dcY' 
= ( / esssup|V;/(a;,ONe)'^'= ( / esssup|(V;(x • 



1/9 



= IIx/IIm-;^ < C'llx/llMf'' < oo. 

This proves that (2) is equivalent to (1). 

In the same way it follows that (3) is equivalent to (4). In particular, if (2) or (4) 
are fulfilled for a particular p, then they are fulfilled for any p G [1, oo]. Hence, (A.l) 
in Appendix A gives that (2), (4) and (5) are equivalent. This proves the result. □ 

Appendix A, Some remarks on weighted Wiener type spaces 

In this appendix we make some reviews of general (or weighted) modulation spaces 
and weighted versions of VF^'*, and some multiplication and convolution proerties 
of such spaces. We start to consider appropriate conditions on the involved weight 
functions. 

Assume that < a;,v G L;^^(M"). Then uj is called v-moderate, if uj{x + y) < 
Cuj{x)v{y), for some constant C which is independent ol x,y G R". If in addition, 
V can be chosen as a polynomial, then uo is called polynomial moderated. We let 
<^^(]R") be the set of polynomial moderated functions on M". For any u G ^(M"), it 
follows that 

p{xy^ < uj{x) < p{x), 

for some polynomial P on R". 

Next assume that (p G t5^(R") \0 and uj G <^^(R^") are fixed. Then the modulation 
space M(^^5(R") consists of all / G ^'(R") such that V^f{x,^)uj{x,i) G L?'^(R2"), 
and with equipp by the norm ||/||M''''j = ll^^/^llif' is finite. We also let the Wiener 
amalgam related space W^{W) be the set of / G such that W/Wm^ = 

\\Vipf uj\\ip.i is finite. 

If LO g'^(R"), then we let ^('^)(R") be the set of all / G Ll^{W) such that 
||/a;||LP < oo, and we let ^Lj^)(R") be the set of all / G ^'(R") such that ||/a;||L, < 
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oo. By Proposition 1.7 in [31j and Theorem 3.2 in ^32j it follows that the embeddings 

hold for each p,Pj, q, qj G [1, oo] for j = 1, 2 such that 

Pi < min(g, g'), p2 > max(g, g'), qi < min(p, p'), q2 > max(p, p'). 

Almost all properties for non-weighted modulation spaces and Wiener amalgam 
spaces can be generalised to spaces of the form M^'j and Wj'^y For example these 
spaces are Banach spaces, and independent of the choice of window function (p G 
^(R") \0, where different choices of give rise to equivalent norms. Furthermore, if 
Pi < P2, ?i < q2 and UJ2 < Coji for some constant C, then M"^^'^^ C M"^^'^^ . We also 
have that 

O' ||/||w... X ll/IU-,, a.o(e,-x) =CU(X,0, 

and we note that 



MP;^(R") C VrJ;5(R") when q<p 



and 



iyJ;5(R") C MJ;^(R") when p < g. 

Next we discuss multiplication and convolution properties for modulation spaces. 
Assume that tuo, . . . , ojn G ^(R^"), po, . . . ,pn G [1, oo] and qo, ■ ■ ■ ,qN ^ [1, oo] satisfy 

'^ola;,^! H h^jv) < Ct^i(x,^i) ■ ■ ■u;Ar(x,^7v), 

(A.2) 1 111 1 1 

— + ■■■ + — = — and — + ■■■ + — = A^-1 + — , 
Pi Pn Po qi qN qo 

for some constant C which is independent of x, ^i, . . . , ^at G R". Then 

(A.3) ll/l ■ • • fNllMfO'^o < C'^ll/lllMfi'W ■ ■ ■ ll/Af|lMf^'^^ 

("o) ("i) ("jv) 

and 

(A.4) ll/i ■ ■ ■ /Af|liyfO'«o < ■ ■ ■ ll/A^iliyf^''^) 

for some constant C which is independent of N and /i, . . . /at G t5^(R"). Here the first 
inequality is a consequence of [H], Theorem 3] and its proof. The second inequality 
is an immediate consequence of |32l Theorem 5.5]. By Hahn-Banach's theorem it 
follows that the map 

(/l,---,/7v) ^ fl---fN 

from ^ X ■ ■ ■ X ^ to ^ extends to a continuous multiplication from M^^^^ x ■ ■ ■ x 
Mf^'^^ to Mf°'^°, and from Wf'f x ■ ■ ■ x Wj^'l'' to Wj""?. 
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If instead c^o, . . . ,ujn € e^^(M^"), Po, ■ ■ ■ ,Pn & [1, oo] and qo, ■ ■ ■ ,qN € [1, oo] satisfy 
uJo{xi H \-xn,0 < C^i{xi,0 ■ ■■^N{xN,Oy 

(A.5) 1 1 1 1 11 

— + ■■■ + — = A^-1 + — and — + ■■■ + — = — , 

Pi pn po qi qo 

for some constant C which is independent of Xi, . . . , x^, C, G K", then we have 

(A. 6) ll/l * ■ ■ ■ * /Ar|lMfO'''o < C^\\fi\\j^,.[Pi,ii ■ ■ ■ ll/ivllMfJ^'^JV) 

(A. 7) ll/i * ■ ■ ■ * /Ar||wP0.9o < C^II/lllH/fi'?! ■ ■ ■ ll/Afllwf^'"^' 

('^O) ('^l) {'^jv) 

for some constant C which is independent of and /i, ... /at g S^{W^). By Hahn- 
Banach's theorem it follows that the convolution map 

(/l, • • • ,/7v) /l * ■ ■ ■ * /tV 

from X ■ ■ ■ X to ^ extends to a continuous multiplication from M^^^^^ x ■ ■ ■ x 
Mf^'f to Mft and from Wf'f x ■ ■ ■ x Wf""''' to Wf'l 

A problem here concerns the uniqueness for the extensions of multiplications and 
convolutions, since it easily appears that there may be situations where more than 
one of those pj or qj are allowed to be equal to oo. Consequently, y might fail to be 
dense in more than one of the involved modulation or Wiener amalgam related spaces. 
In these situations, we define multiplications and convolutions between elements in 
modulation spaces in the same way as in [STl , using the formulae 



(A.8) 



and 



(A.9) 



(/i ■ ■ = yy {y^ifiix^ ■)*■■■* V^NfNix, ■)){OV^og{x,Odxd^, 

where (/jq, . . . , v^at G ^(M") satisfy J Lpi{x) ■ ■ ■ (^Nix)(fo{x) dx = {2ny 



-Nn 



ifi*---* fN,^) = // {V^Jii-,0*---*KNfNi-,0)ix)y^o9ix,Odxd^, 



where (fo, . . . , (fN G satisfy / {(fi * ■ ■ ■ * (pN){x)(po{x) dx = {2n) " 



when fu...jN,9^ y{W') (cf. (2.3) in [31] and (5.4) in [S2]). Theorem 5.5 in 
and its proof then shows that the following propositions are true: 

Proposition A.l. Assume thatpj,qj G [l,oo] and ujj G ,^(R^") for j = 0,...,N 
satisfy (A. 2) for some constant C, independent of x,C,i, ■ ■ ■ G M". Then the 
following is true: 

(1) (/i, . . . , /at) I— > /i ■ ■ ■ /at is a continuous, symmetric and associative map from 
M^^lfiR"") X ■■• X M^J;5^(R") to MJ^°'5''(R"), which is independent of th 



e 



choice of (fo, . . . , in (A.8). Furthermore, (A. 3) holds for some constant C 
which is independent of fj G M'^^'^j' (M") for j = 1, . . . ,N; 
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(2) (/i, . . . , /at) ^ fi ■ ■ ■ J'n 'is a continuous, symmetric and associative map from 
W^'^lfiR'') X ■■■ X VrJ^^J'^(M") to Vr(^JjJ°(M"), which is independent of the 
choice of ifQ, . . . , (pN- in (A. 8). Furthermore, (A. 4) holds for some constant C 
which is independent of fj G M^^'^^ (M") for j = 1, . . . , N . 

Proposition A. 2. Assume thatpj,qj G [l,oo] and ujj G ^(M^") for j = 0,...,N 

satisfy (A. 5) for some constant C, independent of xi, . . . ,xj\f,C, G M". Then the 
following is true: 

(1) (/i, . . . , /at) ^ fi * ■ ■ ■ * fN is a continuous, symmetric and associative map 
from M^J;5^(R") x ■ ■ ■ x M^^^Y iW) to M['^"^^°(M"), which is independent of 
the choice ofipQ, . . . , (p^ in (A. 9). Furthermore, (A. 6) holds for some constant 
C which is independent of fj G M^^'*-' (M") for j = 1, . . . , N ; 

(2) (/i, . . . , /tv) ^ fi * ■ ■ ■ * fN 'is a continuous, symmetric and associative map 
from l^j;;5^(M") X ■■■ X ^^^^^^^(M") to M/J^°'^''(M"), ^l;/l^c/i zs independent of 
the choice ofipo, . . . , ipN in (A. 9). Furthermore, (A. 7) holds for some constant 
C which is independent of fj G M^^''^^' (M") for j = 1, . . . , N . 
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